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Abstract 
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metry in the presence of torsion. 
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In N dimensions, a metric that admits the maximum number iV(A^ + 1)/2 
of KiUing vectors is said to be maximally symmetric. A maximally symmet- 
ric space is homogeneous and isotropic about all points [Ij.Such spaces are 
of natural interest in the general theory of relativity as they correspond to 
spaces of globally constant curvature which in turn is related to the con- 
cepts of homogeneity and isotropy.We propose a possible generalisation of 
the meaning of maximal symmetry when torsion is present. The motivation 
stems from string theory where there is a second rank antisymmetric tensor 
field in the spectrum that is identified with the background torsion. Therefore 
a maximally symmetric solution of the classical string equations of motion 
necessarily requires a generalisation of the definition itself. 

The presence of torsion implies that the affine connections F^^ are asym- 
metric and contain an antisymmetric part H^^ in addition to the usual sym- 
metric term F^^^ [2,3]: 

pa pa _j_ TTa /-i \ 

The notation has been chosen keeping string theory in mind where the anti- 
symmetric third rank tensor Hafxi, — d^aBfxv) is identified with the background 
torsion and 3^,, is the second rank antisymmetric tensor field mentioned 
above.Note that i?^^ are completely arbitrary to start with. 

Defining covariant derivatives with respect to F^^ we have for a vector 
field : 

Vij,.,,.l3 - Vf^.p-i, = -R^u^Vx + 2H^^Vfj,.a (2) 

where 

^^vf) — ~ ^^I3,v + ^tiv^afi ~ ^"^F^^ (36) 
pA ttX itA I Tja tt\ Tja ttX 

The generalised curvature -R^j,^ does not have the usual symmetry (anti- 
symmetry) properties. Note that the last term on the right hand side (2) is 
obviously a tensor. Hence R'^^p is also a tensor. 

Now, the determination of all infinitesimal isometrics of a metric is equiv- 
alent to determining all Killing vectors of the metric. A Killing vector is 
defined through the KiUing condition: 

; u + iu ; , = (4) 
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and it is easily verified that this condition is preserved also in the presence 
of the torsion H^^,. 

Equation (2) for a Killing vector hence takes the form: 

The H^^ are arbitrary and so we may choose them to be such that 

H^.^,;. = (6) 

This is a constraint on the if^^ and not the Killing vectors .^^.The commu- 
tator of two covariant derivatives of a Killing vector thus becomes: 

We now impose the cyclic sum rule on Rf^^./^: 

R'^iup + R-tdfj, + Rgfiu = (8a) 
As R^i^ij + R^pn + R^nu — the constraint (8a) imphes 

Rt.i^l3 + Rtpn + Rpnu — 

and this reduces to 

Hence adding (7) and its two cyclic permutations and using (4), the re- 
lation (7) can be recast into 

CfM;u;P = -RpufM^X (9) 

Therefore given ^-nd ^x-i, at some point X , we can determine the second 
derivatives of $,x{x) at X from (9). Then following the usual arguments [1], 
any Killing vector ^^{x) of the metric gf^u{x) can be expressed as 

Q{x) = A'^ix ; X)Cx{X) + C'/{x ; X)Q,(X) (10) 
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where and Cj^'^ are functions that depend on the metric, torsion and X 
but not on the initial values and ^x;u{X), and hence are the same for 

all Killing vectors. Also note that the torsion fields present in A^{x;X) and 
C^'^{x;X) obey the constraint (6). A set of Killing vectors C^{x) is said to 
be independent if they do not satisfy any relation of the form S„(i„,^^(a;) 
= 0,with constant coefficients (i„.It therefore follows that there can be at 
most N{N + l)/2 independent Killing vectors in N dimensions, e?;en in the 
presence of torsion provided the torsion fields satisfy the constraints (6) and 
(8h). 

Now, Rxfjtvp is antisymmetric in the indices (A,//) and (i^, /3).This follows 
from the fact that R\^vi3 and Rx^vp both have these properties. This can be 
verified through an elaborate but straightforward calculation. Then proceed- 
ing as in [l],we have (using -R'^^^ ~ Rfj^i' ^^'^■) 

{N — l)Rxij,ui3 — Ri3iJ.gxu — Rufigxp 

{N - l)Rx^.p + {N- l)Rx^,f, 
— RpnOxv — RvnOxp + RfinOxv — Rv^gxp (n) 

where N is the number of dimensions. RxfiujS, RjSfi are functions of the sym- 
metric affine connections F only, whereas Rx^uis, Rpf^ are functions of both F 
and if. Moreover, F and H are independent to start with. Hence in equation 
(11) we are justified in equating corresponding terms on both sides to get 
the following two equations: 

(N — l)Rxixvp — Rpfj,9xu — RvixOxp (12a) 
(TV - l)Rxijiul3 = R/3fi9Xi^ - Rvn9xi3 (126) 
The above two equations lead to 

Rx^yp = RligxuQ^ip - gxp9yn)/N{N - 1) (13a) 

and 

Rxi^up = KigxyQ^p - gxogyJN{N - 1) (136) 
It is appropriate to note here that 

RU = (14a) 
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If we now demand that Rf^i, = Ry^ we have the constraint 

^^;.,a + H';iJl^ + H^^Tl^ - H^^ri, = (15) 

which is the same as (86) with /? = A. Hence (86) imphes that R^i, is symmet- 
ric. 

Under these circumstances we have 

R^, = {l/N)g^,Rl (16a) 

R,^ = {l/N)g,^Rl = m^pHl (166) 

Now using arguments similar to those given in Ref.[l] for the Bianchi 
identities we can conclude that in the presence of torsion fields satisfying 
constraints discussed before : 

Rxnup = Rxfiiy(3 + Rxfi^p = {K + K){gxyg^p — gxpgfj,^) = K{gx^g^f3 — g\i39iJ.v) 

(17) 

where 

Rl = constant = KN{1 - N) (18a) 
Rl = H^^H^^ = constant = KN{1 - N) (186) 

K = K + K = constant (18c) 

(In deriving the above results from the Bianchi identities we have used the 
fact that for a flat metric the curvature constant K = 0. Hence demanding 
X = for a (globally) zero curvature space means that ^ = which in turn 
means that the torsion must vanish.) 

Therefore, in the presence of torsion the criteria of maximal symmetry 
has been generalised through the equations (136), (17) and (18). The physical 
meaning is still that of a globally constant curvature (which now also has a 
contribution coming from the torsion). The torsion fields are, however, sub- 
ject to the constraints embodied in equations (6), (86) and (186) and these 
constraints are mutually consistent. Hence our usual concepts of the homo- 
geneity and isotropy of space have a more generalised footing in the presence 
of torsion. The thing to note is that the existence of torsion does not nec- 
essarily jeopardise the prevalent concepts of an isotropic and homogeneous 
spacetime.AU that is required is that the torsion fields obey certain mutually 
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consistent constraints. These constraints, in some sense, ensure that the usual 
physical meaning of an isotropic and homogeneous spacetime remains intact. 

It is also worth mentioning here the relevance of the present work in 
the context of string theory.The low energy string effective action posscses 
for time dependent metric G^p{^^v = l,2,....d), torsion Bf^^, and dilaton 
4> background fields a full continuous 0{d,d) symmetry under which "cos- 
mological" solutions of the equations of motion are transformed into other 
inequivalent solutions [4, 5]. Subsequently, it was shown that given a classical 
background in string theory independent of d of the space-time coordinates 
, other classical backgrounds are possible by 0{d) 0{d) transformations 
on the solution [6, 7]. A solution with zero torsion is necessarily connected to 
a solution with non-zero torsion. Therefore, in the framework of the gener- 
alised maximal symmetry discussed here it is worth studying whether this 
generalised maximal symmetry is preserved under the 0{d) ® 0((i) transfor- 
mation. The results of this investigation will be reported elsewhere. We thank 
A.K.Raychaudhuri for illuminating discussions. One of us (S.S.G.) gratefully 
acknowledges discussions with G.Ellis. 
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